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Abstract 

In this paper, we consider an equation on random variables which can be reduced to the 
equation which describes the evolution of systems of fermions. We give some results of 
well-posedness for this equation on the spheres and torus of dimension 2 and 3 and on the 
Euclidean space. We give results of scattering and blow-up on the Euclidean depending on if 
the equation is defocusing or focusing. We interpret the results in terms of the evolution of 
fermions. 
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1 Motivations 

In this paper, we present an equation on random variables related to systems of fermions. This 
section is dedicated to presenting this equation and explaining its relation to equations derived 
from many-body quantum physics. We consider that, under sufficient assumptions, a system of 
fermions should behave according to 

id t y = [- A+w* p y , y] 

where y is a non negative bounded integral operator with kernel y(y, x), where p y is the multipli¬ 
cation by y(jt, x), and [•, ■] is the commutator. The map w may be a Dirac delta. This equation has 
been studied in 00 \T3\ EU |22l M- 

The interest is that the equation on random variable closely resembles the cubic Schrodinger 
equation, and the theory of Schrodinger equations only has to be adapted to random variables to 
provide results, which arc eventually turned into properties for the systems of fermions. 

In Sections [2j 0 0J [5J we use previously existing techniques about the cubic Schrodinger 
equation and adapt them to random variables. In Section [6] we give and discuss corollaries of the 
previous sections for systems of fermions. 

1.1 Dynamics of a system of fermions 

Before describing the dynamics of a system of fermions, we start with the better known Bose- 
Einstein condensate. 

A system of N bosons may be described by a wave function x Y(x \,..., x^). from to C. It 
satisfies under certain conditions the Schrodinger equation 

N 

idi'V = - ^ ^ w T (xj - xj)^ 

i'=l i*j 

where A Xj is the laplacian with respect to the variable x\ and is related to the kinetic energy, and 
wj is related to the interaction between particles and depends on the temperature T. 

When one lowers the temperature and takes a large number of particles, the system becomes 
a Bose-Einstein condensate, and under a mean-field approximation, one writes v P(xi ,..., x,y) = 
]”[ j u(X j) with u satisfying an equation of the form : 

id t u = — A u + w * \u\ u. 
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This approximation is motivated by the fact that bosons are exchangeable particles, in the sense 
that T is symmetric, that is 


v P(.r 0 -(i),..., Xo-wj) = T'fxi ,...,x N ) 


for all permutations cr. The derivation of Bose-Einstein dynamics from many-body quantum me¬ 
chanics is a vast subject in the literature, see for instance |fTin?,T7,, T9;,;20l l23l[24l[2^1 . 

Let us now consider a system of fermions. It is described by a wave function T satisfying 
the same kind of dynamics as a system of bosons. But since we are dealing with fermions, 'P is 
anti-symmetric, that is 

'F(x 0 - ( 1 ) , . . . , Xo- (N) ) = £(cr)T(xi ,...,x n ) 

where e(cr) is the signature of the permutation cr. This is the Pauli principle. If one writes 

1 N 

'T(xi ,...,x N ) = —— s((T) P[ Uo- (j) (Xj ) 

X n - cr j= 1 

where uj are orthonormal functions, then the dynamics of 'T may be approached, under a mean- 
field approximation, by the Hartree-Fock equation : 

V j - l, ... ,N , id t Uj - - A uj + w * ( ^ \uk\ 2 )uj. 

k 


Note that f UkUj is a conserved quantity for this equation and hence the orthonormality is preserved 
under the flow. The derivation of the Hartree-Fock equation from many-body quantum mechanics 
may be found in ll2ll3ll4l [T4l[l6l . 

Writing y = Yuk \ u k x u k\, where \f x g| is the operator such that 

1/ x g|(v)(x) = J g(y)v(y)dyf(x), 


we get that y satisfies 


id t y = [- A +w * p y , y] 


where [•, ■] is the commutator and p y is the diagonal of the integral kernel of y, here p y ~ X l«/,j 2 - 
We note that the number of particles N is equal to the trace of y. One may consider this equation on 
self-adjoint integral operators y such that 0 < y < 1. These are called density operators. One can 
then consider a more general setting for the systems of fermions. For instance, by not restricting 
y to be a trace-class operator, one can consider infinite systems of particles. The stability of non¬ 
trace class stationary solutions is the subject of II2T11221 . which inspired this paper. 


1.2 Comparison with density operators 

We present here the equation on random variables and explain how it is related to what has been 
said before. 

We consider the equation on random variables : 

id,X = - AX + E{\X\ 2 )X (1) 

on a probability space {Q.,J[,P). We assume that X has values in L~ oc (M) where M is either S d , 
or Mf 1 . 

We write 

(f,g) = f f(x)g(x)dx. 

Jm 
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Proposition 1.1. Let y be the operator defined as 


y = 


I 


\X(co) x X(co)\dP(oj) 


that is 

r(v) = E«X,v>X). 

Let p y be the diagonal of the integral kernel ofy. Then, y solves the equation: 


id,y = [- A +p y , y]. (2) 

Remark 1.1. This is the equation one can find in 121 \ 1221/ in the case a> = 6. 

Proof. Let v in the domain of definition of y and let us differentiate y(v). We have 

id,y{v) = E((-id t X,v)X) + B((X,v)id t X) 
and by replacing id t X by its value, we get 

id t y(v) = E«aX - E(|X| 2 )X, v>X) + E«X, v>(- A X + E(|X| 2 )X)). 

Because A and the multiplication by E(|X| 2 ) are self-adjoint, we get 

E«aX - E(|X| 2 )X,v>X) = E((X,(A - E(|X| 2 )v>X) = y((A - E(|X| 2 ))v). 

As (X, v) depends only on the probability variable, we have 

<x, v>(- A X + E(|X| 2 )X) = (- a +E(|X| 2 ))(<X, v>X)) 
and since - A +E(|X| 2 ) does not act on the random variable, 

E( - A + E(|X| 2 ))((X, v}X))) - (- a +E(|X| 2 ))E«X,v>X) = (- A +E(|X| 2 ))(y(v)) 

therefore 

id,y{v) = [- A +E(|X| 2 ),y], 

What is more, the integral kernel of y is E(X(y)X(x)) and hence p y (x) = 'E(\X(x)\ 2 ) which gives the 
result. □ 

This proposition explains how one goes from a solution of dT]) to a solution of ©. The fol¬ 
lowing proposition explains how to pass from an initial datum for Q to an initial datum for dTJ. 
Combining these two propositions and a global well-posedness property for ([[]), we get global 
existence for ([2]). Indeed, from an initial datum for ©, we get an initial datum for CO), which gives 
a global solution to ([!]), which is turned into a solution to Q.. 

Proposition 1.2. Let s > 0. Let yo be a non negative trace class operator on L 2 (M) such that 

Tr(( 1 - A/yo) < oo. 

There exists a probability space (Q, J\, P) and a random variable on this space Xo such that 
X 0 e L 2 (£2, H s (M )) and for all v e L 2 (M) 

E«X 0 ,v>X 0 ) = yo(v). 


4 


Proof. As 70 is trace class and non-negative, there exists a sequence of non-negative numbers 
(a „)„ 6 n a nd an orthonormal family of Lr(M), (e n ) ne ^ such that 

70 = ^ a n \e n x e n \ 

ne N 

where |e„ x <?„| is the projection on Ce n . 

Let ( g n )neN be a sequence of complex centred normalised independent Gaussian variables. Set 

A(i — ^ ^ sja n g n e n . 
neN 

Let v e L 2 (M). We have 

E((X 0 , v>X 0 ) = ^ sja k ai(e k , v)e{Efg k gi) 
k,i 

and since E (g k gi) = 6 l k where 6 l , is the Kronecker symbol, we get 

E«X 0 , v>X 0 ) = ^ a k (e k ,v)e k = y 0 (v). 

k 

Besides, we have by definition 

™^= E (< x b.(i-A)%» 

and since Ti(AB) = Tr(BA), 

H X olli 2(ni//i) = E(Tr(|X 0 x X 0 |(l - A)*)) 
and by linearity of the trace and definition of Xo, 

IIAoll 2 L2(£1HS) = Tr(E(|X 0 x X 0 |)(l - A)*) = Tr( ro (l - A) s ). 


□ 

Remark 1.2. More generally, if 70 is a non-negative operator and Xq is the Gaussian random 
field (see / |25|/ j with covariance operator 70 then yx n = 70 - 

1.3 Equilibria 

The equation © has stationary states on M d , T^, and S d , or even on sufficiently symmetric spaces. 
By sufficiently symmetric spaces, we mean any manifold M such that there exists a transitive 
action of a group on M that leaves M invariant. 

On W 1 and T d , all Fourier multipliers may be considered. Indeed, they commute with the 
Laplacian and their integral kernel is a function of x — y, making then - diagonals constants, hence 
commuting with any operator. 

On S d , one may consider functions of the Laplace-Beltrami operator. These operators com¬ 
mute with the Laplace-Beltrami operator and the diagonal of their kernels is also a constant. This 
is due to spherical symmetry and is explained later. 

In this subsection, we present random variables related to these stationary states. What we 
obtain from this parallel are not stationary states but states whose laws are invariant under the flow 
of©. 
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On the sphere S d For n e N*, let (e n ±)\<k<\'„ be a L? basis of spherical harmonics of degree n, 
that is, e„ z k satisfies 

— Ag d 6 n ,k — fl(fl + d — 1 )&n,k ~ 'LL/.A: 


for all k - 1,..., N n . The number N n is the dimension of the spherical harmonics of degree n, it is 
equal to 


N„ = 


n + d 


n + d — 2 
d 


jd -1 


id- 1)! 


Let i be a sequence of complex numbers satisfying 


^V +1 |a„| 2 < oo. 
ri> 1 


Let ( g n ,k)n,k be a sequence of independent complex Gaussian variables of law M{ 0,1). 
We set 



g n ,ka n e n ,k and m = 


1 

vol(S rf ) 


^ \ N n \a n \ 

n> 0 


and finally _ 

Y(t) = J]g n ,k a ne- m " +m)e n,k. 

n,k 


Proposition 1.3. The random variable Y(t) satisfies © and its law does not depend on t. Besides 
Y belongs to L 2 (Q.,H l (S d )). 


Remark 1.3. Even though Y is not a stationary solution, this makes Y a natural invariant or 
equilibrium for ©. 

To prove this proposition, we need the following lemma. 

Lemma 1.4 ( E7I .Lemma 3.1 in l iTTI ). The quantity 


Nn 

K„(x ) = ^ \e n , k (x)\ 2 


k= 1 


does not depend on x and is equal to 

N n 

voi(s d y 

As this lemma is crucial for the invariance of Y, we give some elements of its proof. 


Proof. Let 


N„ _ 

K n (x,y) = e lhk (x)e lhk (y) 

k= 1 


be the integral kernel of the orthogonal projection on the spherical harmonics of degree n. Because 
the sphere is invariant under rotations, we have for every rotation R that {e n ,k°R)i<k<N„ is also a Lr 
orthonormal basis of the spherical harmonics of degree n. Hence, K n (Rx,Rv ) is also the integral 
kernel of the orthogonal projection on the spherical harmonics of degree n. Thus, for all rotations 
R and all x e S d 

K n (Rx) = K n {Rx,Rx) = K n {x,x) = K n (x). 
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Let xo e S' 7 . For all .r e $ d , there exists a rotation R such that x = Rx o, hence 


K n (x) = K n (Rx 0 ) = K n (x o) 


and K n (x) does not depend on x. 
Finally 


K n(x o) = f K n (x 0 )dx = 1 f K n (x)dx. 

vol(S d ) J S d vol(S“) J§d 

And given the definition of K n and the fact that (e n j c )\< k <x n is an orthonormal basis, we have 


K„(x o) = 


vol(S^) J S i 2 kn ’' 


jt(x)| 2 dx = 


N„ 


vol(S rf ) 


which concludes the proof. □ 

Proof of Proposition l/.dl Let us compute E(|7 (jc)| 2 ). Because of the independence of the Gaussian 
variables, we have 

E(|F(*)| 2 ) = 2 l««l 2 Mx)t 

n,k 

We use the lemma to get 

E(|F(x)| 2 ) = \a n \ 2 K„(x) = X = m. 

We differentiate Y. We get 

id t Y = 2 a ngluk e- itU " +m \A n + m)e n , k 

n,k 


and since A n are the eigenvalues of A§</ and m = E(|F(f, ,r)| 2 ), 

id t Y = (- Ag<i +m)Y = (- A grf +E(|7(.r)| 2 ))7. 

Therefore, Y solves dTJ. 

The fact that the law of Y does not depend on t is due to the invariance of the law of a Gaussian 
under rotations. 

Finally, we have _ _ 

^^L 2 (t2 H l (S d )) = ^ j \ a n\ A n = ^ ] \ a n\ ^-n^n 
n,k n 

which converges since \a„\ 2 A n N n ~ n d+l \a„\ 2 up to a constant. □ 

Remark 1.4. The random variable Y corresponds to y = f(—A S d ) with \a n \ 2 = f{A n ). Indeed, for 
all v e L 2 ( S d ), 

E((Y(t),v)Y(t)) = ^ \a n \ 2 (e n ,k,v)e n , k = /(-A)(v). 

n,k 

Note that the operator does not depend on t, which makes f(—A S d) a stationary state for ©. 
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On T d Let (a k ) ke z d be a sequence of complex numbers such that 

^(1 + \k\ 2 )\a k \ 2 < oo 

keZ d 

where \k\ 2 = f; k 2 and let (g k ) be a sequence of independent centred normalised and complex 
Gaussian variables. We set 

Yo(x) = ^ a k g k e lkx 
ke Z d 

with kx = Yui kiXj. Let m = Yik \ a k\ 2 , and 

Y(t) = 2 a k e- lt(kl+m >g k e ikx . 
keZ d 

Proposition 1.5. The random variable Y is a solution to <[Q belonging to L 2 (kl, H l (T d )) whose 
law does not depend on t. 

Proof. We have that thanks to the independence of the g k that 

E(|T(f, x)\ 2 ) = m 


and 


id t Y — (- A +m)Y. 


The law of Y does not depend on t as the law of Gaussian variable is invariant under rotations. The 
variable Y belongs to L 2 {Q.,H l (S d )) since 

^(1 + |k| 2 M| 2 < oo 

k<E Z d 


□ 

Remark 1.5. The random variable Y corresponds to the Fourier multiplier y by \a k \ 2 , that is for 
all t, jY(t) = y, which makes y a stationary state of ©. 


On R d Let W be a d-dimensional complex centred random Gaussian process such that for all 
k = (ki,..., k c i) 6 R d and k' = k'f) 6 R d , we have 


E(W(k)W(k')) 


0 if there exists j e [|1, d|] such that k;k'. < 0 

/ 1 

II 1 min(|G|, \k’\) otherwise. 

J — 1 J J 


In other terms, E (dW(k)dW(k') = dkdk'6(k - k') and W(0) = 0 where 6 is the Dirac delta in 
dimension d. 

For more information about Gaussian processes, we refer to l(25l . 

Let / e L 2 ( R d ) such that k sj\ + \k\ 2 f(k) belongs to L?{R d ) and set To the random variable 

Y 0 (x) = J f(k)e inx dW(k). 

where k = (k\,... ,kd) and kx = k/.r/. We write m = £,, \f(k)\ 1 dk and 

Y(t, x) - f e- i(k2+m>t f(k)e lkx dW(k). 





Proposition 1.6. The random variable 7(f, x) is a solution of ([TJ whose law does not depend on t. 
Proof. The random variable Y satisfies 

id,Y = - A Y + mY. 


We have 


E(|7(f, x)\ 2 ) = e(| J e- i(k2+m)t f(k)e ikx dW(k)f) 


f \e~ i(kl+m), f(k)e ikx 1 2 dk = J\f{k)\ 2 dk 


= m. 


Hence Y satisfies ©. The law of Y does not depend on time because Gaussian variables are 
invariant under rotations. □ 


Remark 1.6. The random variable Y is a natural invariant in the sense of the law for the equation 
dTJ. Nevertheless, it is not in L 2 (R d ), or in H l (JL d ) but in Lj iic (K d ), and in Hj (ic (R. d ). That means 
that one cannot use the usual arguments of continuity in he initial datum or scattering to prove the 
stability ofY. We comment this lack of localisation in Section 0 

Remark 1.7. The operator associated to Y is the Fourier multiplier by \ f(k)\ 2 . Indeed, 

E((T, v>T) = e( J dyv(y) 

which yields, since E(dW(k)dW(k')) = dk6{k - k'), 

E«7v>7) = J dke ikx \f(k)\ 2 v(k). 

We sum up the parallels we have made in this section in the following table. 


J dW(k)f(k)e- iky J dW(k')f(k')e ik ' x ) 



Operator level 

Random variable level 

Equation 

id t y = [— A +p y , y] 

id t X = -AX + E(|Xp)X 

Solution 

y = E(|X X X\) 

X 

Initial datum 

To 

Gaussian field with covariance yo 

Compact initial datum 

TO = Zn laffVln X U n \ 

Xo = z« UnUngn with (g„)„ i.i.d N(0, 1) 

Possible condition 

on the initial datum 

Tr(ro(l - A)) < oo 

Xo € L"(Q, H l ) 

Equilibrium on S d 

2 n,k Wn\ 1 &n,k X 

Zn,k a ne~ l(An +m ^e n ^g n ,k 

Equilibrium onT rf 

7of(k) = \f(k)\ 2 (p(k) 

Zk^mgk^e-^^ 

Equilibrium on W 1 

yyp{k) = \f(k)\ 2 <p(k) 

f (k)e ikx e~ i(kl+m>l dWf c 


Finally, we make one last remark, which is also the main subject of Section 0] In Section 01 
we prove that {T} scatters when the initial datum is in H ] (R 3 ). This may explain why the equilibria 
are not localised. At least, it explains why they are not in HfM 2 ). Indeed, if 7(f) is both an 
equilibrium and in H l (R?). Then, as it scatters it converges to the solution to the linear equation 


id t X = — A X 

with an initial datum in and because of dispersion in R 3 , 7(f) goes to 0 in some sense as t 

goes to oo. But it is impossible, unless 7(f) is almost surely 0, as the law of 7(f) does not depend 
on f. We discuss this in more detail in Section 01 
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1.4 Main results 

Throughout the paper, we give some results derived from the Schrodinger equation’s theory for 
the equation on X, that is dTJ. such as global well-posedness in the energy space in T d ,R d , S d for 
d = 2,3 or scattering in L 2 (Q., H l ( R 3 )) and in the case of the focusing equation, existence of blow¬ 
up solutions, but we choose to state here two results of global well-posedness for the equation on 
y, that is ©. 

Theorem 1. Let M e {§ 2 , § 3 , T 2 , T 3 }. Let E be the set of non-negative operators y on M such that 
Tr ((1 - A)y) < oo. Let d be the distance on E defined in Definition ^. 6\ 

The equation © is well-posed in C(K., E) in the sense that for all yo *= E there exists a solution 
of® with initial datum yo in C(R, E), this solution is unique in C(R, E) and the flow thus defined 
is continuous in the initial datum. 

Theorem 2. Let M e R 2 , R 3 . Let f be a bounded map on M such that (k)\f(k)\ e L 2 . Let yt be the 

9 1/2 

Fourier multiplier by \f\~. Let yj be the Fourier multiplier by f. Let Eg be the set of non-negative 

operators y on M such that there exists a square root ofy, y 1 ^ 2 such that Q = y 1 ^ 2 - yj/ - satisfies 
Tr (Q*( I - A)<2) < oo. The set Ey with the distance d is a well-defined metric space. 

The equation © is well-posed in C(R, E y) in the sense that for all yo € E there exists a solution 
of © with initial datum yo in C(R, Ey), this solution is unique in C(R, E) and the flow thus defined 
is continuous in the initial datum. 

2 Well-posedness on S d and 

The goal of this section is to prove global well-posedness results in the energy space. 

2.1 Local well-posedness on S 2 and T 2 

In this subsection, we explain why the equation © is locally well-posed in L 2 (Q, HfMi)) with 
Mi = S 2 or T 2 . The proof is very similar to the deterministic case and we do not claim any novelty 
regarding these techniques. We include the proof to explain how to deal with the probability part. 
This analysis could be applied to more general manifolds of dimension 2, as the main tool, that is 
Strichartz estimates, holds in a more general setting than § 2 or T 2 . We refer to HO. 

We recall that from ©, Strichartz estimates on the sphere implies a loss of derivative. We use 
the following Strichartz estimate : for all / e H l {Mf) and with S ( t ) = <?" A , 

I|S(0/IIl 3 ([-1,1],L“(M 2 )) ^ C||S , (0/IIl3([-1,1],W | A 6 (M 2 )) - Q\f\\H 1 (M 2 y (3) 

Let T < 1. We call £ T the space C([-T, T], H l (M 2 )) n L 3 ([-T, T], L°°(M 2 )) normed by 

ll/ll Lr = II/IIl"([-7’ ,t],hHm 2 )) + H/llL 3 ([-r,r],L‘”(M 2 ))- 

Proposition 2.1. Let R > 0. There exists C such that with T = and for all Xo such that 
H^ollz2(£i,ifi(M 2 )) - T the equation © with initial datum Xq has a unique solution X in L 2 (£l. Ft), 
this solution is continuous in the initial datum and satisfies 


11*11 mnx T) < CR. 
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Proof. We proceed with a contraction argument. 
The Duhamel formulation of (|T|) is 


Let 


X(t, x ) = S(t)X 0 t)(E(|X(t, x)I 2 ))X(t, x))dr. 

A(X)(t, x) = S(t)X o -iJ^S(t- t)(E(|X(t, x)| 2 ))X(t, x))dr. 


We prove that A is contracting in a ball of radius CR. 

Thanks to Strichartz estimate © and the invariance of the H l norm under S (t), we get 

U(X)\\ £t < C x \\X 0 \\ hHM2) + Ci J ||E(|X(T)| 2 ))X(T)|| // 1 (M2) . 

We estimate the H l norm by || • \\ L i( M , } + || V -|| t 2 (Ml) . We have 

||E(|X(r)| 2 ))X(r)|| i2(M2) < ||E(|X(t)| 2 ))|| l ~||X(t)|| L 2. 

As a consequence of Minkowski inequality, we have || • \\ l p L i < || • || L ? l p as long as p > q hence 

l|E(|X(r)| 2 ))|| t ~ < E(||X(r)|| 2 ) 


Integrating in time yields 

f HE(|X(r)| 2 ))X W || P(Jfe) < E( £ l|X(r)H|.)||X<T)|| l 

°°a-T,T],L 2 (M 2 )) 

and using Holder inequality in the integral in time gives 

r T 

J ||E(|X(r)| 2 ))X(T)|| L2(M2) < r 1/3 E(||X|| 2 r )||X|| Xr . (4) 

For the term including derivatives, we have 

v(E(|X(t, x)| 2 ))X(t, xfj = 2Re(E(X(r, x) V X(r, x)))X(r, x) + E(|X(r, x)| 2 ) V X(t, x). 

Hence, thanks to Holder inequality on the mean value, we get 

| V (E(|X| 2 ))X)| < 2|| V X(T, x)|| L 2 (n) ||X|| i2(n) |X| + E(|X| 2 )| V X|. 

We take the L 2 norm in space, we get 

||v(E(|X| 2 ))X)|| t2(M2) <2||vX(r,x)|| L 2 (M2,L 2 (n))ll^ , |lL“>(Af2,L 2 (n))ll^ r |lL 00 (M 2 ) + E(||X||2 oo (M2) ))||X|| // i . 
Integrating in time yields 

f T II V (E(|X| 2 ))X)|| i2(M2) dT < 
r 1/3 (2||vX(r,^)|| L cc ([ _ r 

,r],L 2 (M 2 ,L 2 (n)))ll^llz, 3 ([-r,r],L“(M 2 ,L 2 (n)))ll^llL 3 ([-7’,7’],L <>0 (M 2 )) 

+ ll^llL 3 ([-r,r],L 2 (n,L“ , (M 2 )))IIX|li. 00 ([-Tr],iy 1 ))- 
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We recall that II • \\[P x ? < II ■ || x ? l p as long as p > q hence 

II V X(t, x)\\ L oo^_ TJ] L 2 (M2 j 2 (am < || v X(t, Jc)llL2(n,L”([-r,7']x 2 (M2))) - \\X\\l 2 <.q.Xt) 
imiL \[-T,TlL°°(M 2 ,L 2 m) < m\ L 2 (n,L 3 ([-7’X]X“(M 2 ))) < Iffllq AWCr) 
m\ L 3 ([-T,T],L 2 (Sl,L°°(M 2 ))) < IMIl 2 (£iX 3 ([-r,r]X“(M 2 ))) < IWIl 

We get 

J r II V (E(|X(T)| 2 ))X(T))|| L2(M2) < 3r 1/3 E(||X|| 2 J||X|| Xr . (5) 

Putting together © and © yields 

l|A(X)|| Xr < Ci||X 0 || ff i (M2) + 4C 1 r 1 / 3 E(||X|| 2 r )||Z|| Xr . 

Taking its L 2 norm in probability yields 

IIA(X)|| L2(a£r ) < c x r + 4c 1 r 1/3 ||X|| 3 2(aXr) . 

Hence, for T < J 6 , the ball of L 2 (Q, Xr) °f radius 2C\R is stable under A. 

(^4C j J \£Ls\K) 

We prove that A is contracting on this ball, we have 

A(Xi) - A(X 2 ) = £s(t- r)(E(|X!| 2 )Xi - E(IX 2 l 2 )X 2 )dT. 

Since 


E(|Xi| 2 )Xi - E(|X 2 | 2 )X 2 = E(|Xi| 2 )(Xi - X 2 ) + E(X,(X, - X 2 )X 2 + E(X 2 (X t - X 2 ))X 2 , 
buying doing the same computations as previously, we get 

|||A(Z 1 )-A(X 2 )|| L 2 (aXr) < 4C 1 r 1/3 (||X 1 || 2 2(aXr) + \\X 2 \\ 2 L 2 (S1Xt) )\\Xi -x 2 \\ L 2 ([1Xt) 
thus on the ball of radius 2C\R we get 

||A(X 1 )-A(X 2 )|| i 2 ( n iXr) < 12C 1 (2C 1 /?) 2 r 1/3 ||X 1 -X 2 || L 2 (aXr) 
and for T < ) 2 cc\R) h ma P ^' s contracting, which concludes the proof. □ 

2.2 Local well-posedness on S 3 and T 3 

In this subsection, we prove local well-posedness of © on T 3 and § 3 , relying on @ and fTOil . 
Once again, we adapt the techniques from these papers to deal with the probability space but 
we do not claim any novelty regarding the deterministic analysis. We remark that as opposed to 
dimension 2, one cannot use the same techniques for more general manifolds. 

Let M 2 = T 3 or § 3 . Let (tqb be an orthonormal basis of L 2 (M 2 ) consisting in eigenvalues of the 
Laplace-Beltrami operator associated to the eigenvalue (T^b- For all u e L 2 (M 2 ), let /q = (tq, u). 
Let X s ’ b (M 3 ) be the Bourgain space induced by the norm 

iim||^(m 3 ) = + T >“^ r )iii 2 (R T) ( 6 ) 

k 

where fq is the Fourier transform in time of tq. 
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(V) 


Finally, for T < 1, let X^ b (M^) be the Bourgain space induced by the norm 


INI xfm) = I W \[-T,T] = u] 

Adapting the proof of Proposition 2.11 in (91 to M 3 as it is done in |[T0) , one gets the following 
estimate 


||S (t)uo + S(t- t)F(x, T)dT\\ x u, m) < \\uo\\h 1 (m 3 ) + 7,1 b fc ll 7r llzi.-*'(M 3 ) ( 8 ) 

for (b, b') satisfying 0 < b' < ^ < b and b + b' < 1 . 

From |5l for the torus and from 11(31 for the sphere, one can deduce the following trilinear 
estimate : there exists ( b , b') e R 2 such that 0 <b' <\ <b and b + b' < 1 such that 


\\uVw\\ xl ,- b ’ ( M 3 ) ~ ll M llx 1 - i ’(M3)IMIx 1 ' i, (M3)ll M; llx 1 ' i ’(ilf3)- (9) 

We remark that the constant implied by © and the couple (b, b') may depend on M 3 . 

Proposition 2.2. Let R > 0. There exists C and T = T(R), such that for all Xq such that 
ll-^ollL 2 (n,ff 1 (M 3 )) — R the equation dTJ with initial datum Xo has a unique solution X in 

rj I/? 

L (fl, Xj (M 3 )), this solution is continuous in the initial datum and satisfies 


H^llzAnp^cAfa)) - CR - 

Remark 2.1. First, the X s,b norm controls the H s norm. We also have persistence of higher 
regularity in the sense that if the initial datum belongs to H'( M 3 ) with s > 1, then the solution 
remains in Xj\Mf) for a time T which depends only on the F! 1 (M 3 ) norm of the initial datum. 
This is due to the fact that 

|| S(t~ T)(\u(T)\ 2 u(T))dT\\ x st {Mi) < n|«||^||«||^ 
for some positive a (see which eventually leads to 


5(f-T)(E(|X(T)| 2 )X(T))jT|| i2(nz , i(M3)) < r ff ||X|| 


ll L 2 (SlXf’ i 




(M 3 )) 


Before we prove this proposition, we prove the following lemma. 
Lemma 2.3. For all u,v,w € L 2 (Q, X l ' b {Mf)), we have 


||E(Mv)w|| L 2 (n;Z i,-i'( M3 )) < ll»llL 2 (aX‘-*(M 3 ))ll v llL 2 (n,X 1 ’ fc (M 3 ))ll w 'llL 2 (aX l - i ’(M3))- 

Proof. We proceed by duality. Let h in the dual of l -(Ll,X 1 ' h (M^)) that is L 2 (D.,X~ l ’ b ). We 
have 


(lE(nv)w’. 


h)cixM 3 = 

Jn Jm 3 


E(u(x)v(x))w(a>i , x)h(u>i, x)dxdP(u>i) 


where (•, -)n X M 3 is the inner product in LI x M 3 . We replace E by an integral over Q we get 


(E(uv)w, h)n X M 3 



u(co 2 , x)v(a> 2 , x)w(coi , x)h{oj\, x)dxdP(a>\)dP(a> 2 ). 
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Using (O for u(a> 2), v(a>2) and w(a>\), we get 


\(E(uv)w, h)cixM 3 \ £ IIKW2)llxl.i>(M 3 )ll v (W2)llxl.i(M 3 )ll v Kwi)ILYl.i-(M 3 )ll /l (^l)llz-'-'’'- 
JSixCl 

We can use Cauchy-Schwartz inequality on < j >\ and on o>2 to get 

\(B(UV)W, h)a xMi | ^ ll»llL 2 (aX l -*(M 3 ))ll v llL 2 (aX 1 . i ’(M 3 ))ll M ilL 2 (AX l - i ’(M 3 ))ll*llL 2 (n,Z- | . i ’')- 

which concludes the proof. □ 

Proof of Proposition 12.21 Let 

A(X) = S(t)Xo + f S(t- t)B(\X\ 2 )Xc!t 
Jo 

such that the Duhamel formulation of dTJ is 

X - A(X). 

We proceed with a contraction argument on Xj b (Mf)). We have, thanks to ([ 8 ]), 
W a (X)\\ lHci ^ Am3)) < P 0 || L W( M3)) + T 1 ~ (b+b ' ) \ |E(|X| 2 X)|| i2(njZ i ,- 6 ' {Ms)) 
and thanks to Lemma 1231 

\MX\ 2 x)\\ LHax ^ m)) < 

I^L 2 (Q,X 1 .fiM 3 ) r ) - 

For the same reasons 

||A(Xl) - A(X2)|| i 2( £liX l_^( M3 )) ^ T ||X, _ ^2ll i 2 (n ^,* (M3 y ) (l|Xl|| L 2 (n ^,* (M3)) l|X2|l L 2 (n ^ ( - M3)) ) . 

Hence, as b + b' < 1, there exist C and T(R) such that the ball of L 2 (fA,Xj b {Mf)) of radius CR is 
stable under A and such that A is contracting on this ball, which concludes the proof. □ 

2.3 Global Well-posedness 

Let M = M 2 or M 3 . In this subsection, we prove global well-posedness in H 1 (M) using energy 
methods. 

Lemma 2.4. Let 

B(X) = B kin {X) + B pot (X) = I f X(l-A)X + j [ E(|X| 2 ) 2 . 

^ JtlxM 4 Jm 

The quantity B is invariant under the flow of ([!]). 

Proof. Thanks to an approximation argument and the persistence of higher regularity, see Remark 
12.11 we can assume that X is regular enough so that the computations below are justified. 

Let X{t) be a solution of ([I]) and let us differentiate £(X(f)). We have 

d,Sy m (X(t)) = Re( f (d,X)X) + Re( f (3 t X)(- A X)). 

JftlxM JcixM 
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Because X satisfies ©, we have 


Ref f ( d,X)X ) = Im( ( (- A X + E(|X| 2 )X)X) 

V JClxM ; v JClxM ' 


and because of the imaginary part, this quantity is zero. Therefore, 


dt&vJXU)) = Inn 
Differentiating £ po t(X(0) yields 


ClxM 


id t X(- A X)). 


E(|X| 2 )d f (E(|X| 2 )). 


a,fipot(x(0) = ^ f 

A Jm 

As <3, and E commute, we get 

df£ P ot(X(0) = f E(|X| 2 )E(Re(^XX)) 

JM 

and we write the second expectation as an integral in the sense that 

df£ pot (X(0) = f E(|X| 2 )Re(^XX) 

JClxM 

which finally yields 

3f£ po ,(X(0) = Ref f ^XE(|X| 2 )X) = Imf f ldjfE(\X\ 2 )X). 


ClxM 


ClxM 


Summing the derivatives of £kin (X(f)) and £ pot (X(f)) gives 

d t S{X(t)) = Imf I ldfX{— A X + E(|X| 2 )X) 


JClxM 

and because of the imaginary part and the fact that X satisfies ©. we get d,£(X(t)) = 0, which 
concludes the proof. □ 

Since £ controls the L 2 (fl, norm, we get the following proposition. 

Proposition 2.5. The equation © is globally well-posed in L 2 (Q, 


2.4 Continuity with regard to the initial datum, interpretation in terms of law 

Remark 2.2. The first thing one can remark is that we have continuity in the initial datum. Indeed, 
let X\ and X 2 be the solutions of © with initial data Xi(0) close to X 2 ( 0 ). Let R be the maximum 
0 /IIX 1 ( 0 )|| L 2 (aH i (M)) and ||X 2 ( 0 )|| L 2 (aff i (M)) . Then, up to times of order R" 6 for M = M 2 or R~ N 
for some N for M 3 , we have 

Pl(0 - *2(011 L\Cl,H\M)) < C||X!(0) - X 2 (0)|| L 2 (a/m)) 
with C independent from R. 

Iterating this estimate for longer times, in view of the conservation of the energy £ yields 
estimates such as 

ll*t(0 - *2(0llz.W(M)) < C^ ( 1 +|f|) ||X 1 (0) - X 2 (0)|| L 2 (aH i W) . 

We note that the spaces we used in the local well-posedness were not optimal at least for M 2 , and 
one could probably reach finite time estimates for times of order R~ i4+s> for M 2 , e > 0. 
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Remark 2.3. Let p' for all t e K. be the law of or the measure induced by, X\(t) and p\ be the law 
of Xft). Let do be the Wasserstein distance of order 2 on the measures on H 1 ( M), that is 

d 2 {p\,p 2 ) = inf 

/jeMarg(jM,fi 2 ) 

where pi fori = 1,2 are measures on H ] (M) such that f ||m||^, ^clpfii) arefinite and Marg(p \, p 2 ) 
is the set of measures on H l (M ) X H l (M ) whose marginals are p\ and p 2 . Let p 1 be the law of 
(X | (t), X 2 (t)). Since p l has for marginals the law of X\ ( t), that is p' and the law ofX 2 (t), that is 
p 2 , we get that 

d 2 (p\’P t 2 ) < (J !l« - v\\ 2 Hi dp\u, v))* /2 = 11^(0 - X 2 (t) 

and therefore 

d 2 (p[,P2) < Ce cRN{]+W \\Xm - X 2 m\mci.HUM)y 
Since this is true for all X](0) and X 2 (0) with laws p° { and p { \, we get 

d 2 (p\,p‘ 2 ) < Ce cRN{l+m d 2 (p ( l,p t 2 ) 

which gives a continuity in the law of the initial datum. 

If we replace the X 2 (t) by Y(t), as the law of Y(t), called v, does not depend on t, we get that 

d 2 (p[,v) < Ce cRN(l+m d 2 (p° v v) 

which is a result of stability for v under the flow of the equation dT])- 

Remark 2.4. We have what we could call orbital stability in the sense that as S is conserved, 
L'j(X(t))-L'j(Y(t)) does not depend on time. Nevertheless, L(X(t)) — LA Y(t)) does not control a norm 
ofX-Y. 


\\u - v\\ 2 Hl dp(u,vj) 


1/2 


3 Well-posedness on the Euclidean space 

In W 1 , the equilibria Y are not localised. In particular, the law of Y is invariant under translations. 
In this section, we prove the existence of dynamics for perturbations around Y which are localised, 
in the sense that we prove global well-posedness for solutions X of dTJ that are written X = Y + Z 
where Z is localised as Z e L 2 (L1, H l ( R rf )). 

3.1 Perturbed equation and local well-posedness for d < 3 

We perturb Y. Let X = Y + Z such that Z(0) = Zo is in L 2 (Q.,H l (M, d )). The random variable Z 
solves the equation 

W t Z = (— A +m)Z + (E(|Z| 2 ) + 2Re(E(FZ)))(T + Z). (10) 

Let £ t = L p ([-T, T],L°°(R d )) n C([-T, T],H l (R d )) with p = 4^^. We prove local well- 
posedness in L 2 (Q.,£t)- First, in dimension d < 3, we have Strichartz estimates in the sense that 
there exists C such that for all g e H 1 , 


\\sm\£r < I I/I Iff 1- 


( 11 ) 
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Indeed, for d < 3, p > 2 and with q such that 


2 d d 
p q 2 

that is q = d + 1 or j we get that thanks to Sobolev embeddings 

\\S(t)g\\LP,L- < C\\S(f)g\\u-, W ^ 


and thanks to Strichartz estimates and the commutation of the differential operator D = Vl - A 
and S (0 

l|5(0gll^<C||g|| ff i. 


Let 


m 2 


f 


k 2 \f(k)\ 2 dk < oo. 


That means that for all t and all x, E(| V Y(t, x)\ 2 ) = mi < oo. 
Proposition 3.1. There exists C such that for all Z 0 e L 2 (£l. H l ), with 


T = min(l, 


1 


1 


1 


C(m + m 2 y C( sjm + m 2 )\\Z 0 \\ L 2 inM i ) )P^P- l > ’ C||Z 0 ||^^“ 2); 


the equation (1101 ) with initial datum Zq admits a unique solution Z in L 2 (il, Tlj)- This solution 
satisfies 

Proof. By the Duhamel formula, Z is the fixed point of 


A(Z) = S(t)Z 0 + 



S(t - r)((E(|Z| 2 ) + 2Re(E(FZ)))(T + Z)). 


We proceed with a contraction argument. 
Thanks to (fTTT) . we have 


\\A(.Z)W Lt < c(||Z 0 || ff i + £ ||(E(|Z| 2 ) + 2Re(E(TZ)))(7 + Z)\\ H i 


dr. 


Taking the L 2 norm in probability yields 


l|A(Z)|| L 2 (aXr) < c(||Z 0 || L 2 (a//1) + £ ||(E(|Z| 2 ) + 2Re(E(TZ)))(T + Z) || L 2 (n) ^i } . 

We use the definition of the L 2 (Q), H l ) norm of g such as the L 2 (L1 x R d ) norm of g added to the 
L 2 (Q x ;R £/ ) norm of Vg. 

For the part not containing any derivative, we start by taking the L 2 norm in probability, which 
yields 

||(E(|Z| 2 ) + 2Re(E(TZ)))(T + Z) || L 2 (nxRrf) < (E(|Z| 2 ) + 2m VE(|Z| 2 ))(m + VE(|Z| 2 )) = 

(||Z|| 2 2(n) + 2m||Z|| L2(n) )(m + ||Z|| L 2 (n) ). 
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Taking the L 2 norm in space yields 


||(E(|Z| 2 ) + 2Re(E(TZ)))(T + Z)\\lKo*s*) ^ 

(l|2|lz,<»(R<i ; L 2 (n))ll-2llL 2 (R‘ i ,L 2 (n)) + 2m||Z|| L 2 (R rf tL 2 (n)) )(m + l|Z|| i oo( R d )t 2( n ))). 

As a consequence of Minkowski’s inequality, we have || • IlL^R^zAnxR'O) ^ II ' llL 2 (n,L<»(R rf ))- There¬ 
fore, 

£ ll(E(|Z| 2 ) + 2Re(E(FZ)))(F + Z)H L 2 (nxRl/) dT < 

C||Z|| L2(aXr) (r2m 2 + T^^mUZU^^ + T^WZ^^). 

Let us deal with the paid containing the derivatives. We look at the different terms under the 
integral. First, we differentiate 

V(E(|Z| 2 )Z) = £(|Z| 2 ) V Z + 2Re(E(vZZ))Z 

and then we take the L 2 norm in probability, which yields 

|| V (E(|Z| 2 )Z)|| L 2 (n) < 3||Z|| 2 2(n) || V Z|| L 2 (n) . 


For the other terms, we get 

|| V (E(|Z| 2 )F)|| L 2 (n) < 2 Vm||Z|| L 2 (n) || v Z|| L 2 (n) + ||Z|| 2 2(n) 

|| V (2Re(E(TZ))Z)|| L 2 (a) < 2 V^I|Z|| 2 2(n) + 4 V^I|Z|| L 2 (n) || V Z|| L 2 (n) , 

|| V (2Re(E(FZ))F)|| L 2 (n) < 4 V«Z|| L 2 (n) + 2m|| V Z|| L 2 (n) . 

Summing up all these terms separating the ones containing derivatives of Z and the other ones 
gives 

|| V ((E(|Z| 2 ) + 2Re(E(FZ)))(F + Z))|| L 2 (n) < II V Z|| L 2 (n (3||Z|| 2 2(n) + 6 V«l|Z|| L 2 (n) + 2m) 

+ HZ|lL 2 (n)( 3 V^ 2 llZ|lL 2 (n + 4 y/mm 2 ). 

We remark that ||Z|| i2(£lxR </^ < \\Z\\ L 2 ( ^ 1H \ y Hence, taking the L 2 norm in space in the previous 
inequality gives 

|| V ((E(|Z| 2 ) + 2Re(E(FZ)))(F + Z))\\ L 2 (SlxRd) < 

l|Z|| L 2 ( atf i)(3||Z|| 2 2(n>LTC(Rd)) + (6 Vm + 3 ^m)\\Z\\ LHn ^ m) + 2m + 4 yjmm 2 ). 

Integrating in time yields 

f T II V ((E(|Z| 2 ) + 2Re(E(FZ)))(F + Z))|| i2(nxRrf) rfT < 

| |Z| | l i Xt {3T 1 ~ 2/p | |Z| | 2 2(nXr) + (6 + 3 ■sJm)T l - xlp \\Z\\ L i {ClXT) + (2m + 4 ^Dt). 
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Going back to A(Z), we have the estimate 


l|A(Z)|| i 2 (a£r ) < C'(\\Zq\\ L 2 ^ h I) + \\Z\\ LHilXT ){T(4m + 4 sjmm 2 )+ 

T 1 ~ l/p (9 + 3 ^m)\\Z\\ L 2 inXT) + 4T l - 2lp \\Z\\l 2(nXT) )). 

In conclusion if ||Z|| L 2 (aXr) < 2C'\\Zo\\ L 2 ( q,,h') then with 

T = min ( ] __£ _I_ 1 \ 

mm '' ’ C(m + m 2 y C( sjm + m 2 )\\Z 0 \\ L 2 (n ^ ) )P l< P- y ) ’ C\\Z ( y£f£ (p ~£^ 
for a constant C big enough, we have 

11^(2)11 L 2 (S1,£t) - 2-C'\\Zq\\ L 2^i H \) 

which means that the ball of L 2 (Q, fj) of radius 2C'||Zo|| L 2 (f2 H i) is stable under A. 

For the same reasons, we get that A is contracting for appropriate times, which concludes the 
proof. □ 


3.2 Global well-posedness in the energy space for d < 3 
Proposition 3.2. The equation (1101) is globally well-posed in H l . 
Proof. We proceed with a modified energy method. Let 

A = ~ ( Z(m - A )Z 

2 Jqx R rf 

B = j f E(|Z | 2 ) 2 
4 Jr* 

D = | E(|Z| 2 )ReE(ZF). 

JR^ 


Differentiating these quantities in time yields 


d t A 

= Re 

d t B 

= Re 

d t D 

= Re 


f d' t . 

JClxR d 

£ 


Z(m — A)Z 


d t ZE{\Z\ 2 )Z 

f 

,D = Re j d f (Z2ReE(ZF) + FE(|Z| 2 )) + Re J : 

Jf2xR rf v 2 Jr^ 

We deduce from that 

d,(A + B + D) = Re f d t z(id t Z - F2ReE(ZF)) + Re f 

JnxR d v 2 


E(|Z| 2 )E(Z<9 ; F). 


E(|Z| 2 )E(Z<9 r F). 


Because of the real part we get 

Re I d t z(id,Z - F2ReE(ZF)) = -Re J 5,ZF2ReE(ZF) 

JnxR rf v 2 JnxR^ 
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and replacing d t Z by its value 


-Re I <9 f ZF2ReE(ZF) = -Re f i((m - A)Z + (E(\Z\ 2 + 2Rc( ZY))(Z + F))F2RcE(ZF) 

JqxR d JnxR rf v ' 

and again because of the real paid 

-Re I <9,ZF2ReE(ZF) = -Re ( i((m - A)Z + (£(|Z | 2 + 2Re(ZF))Z)F2ReE(ZF). 

JnxR rf JnxR rf v 

Returning to A, B, D, we get 


r _ _ _ r 

d t (A + B + D) = -Re i((m - A)Z+(£(|Z | 2 + 2Rc(ZF))Z)F2RcE(ZF) + Re 

Jqx R d J R rf 


E(|Z| 2 )E(Z<9 f F). 


We estimate the different terms of the sum, we have 


-Re f , 

JQx R d 

f 

Ja 

f 

JClx R d 


/F2ReE(ZF)(m - A)Z 


Re 
-Re 


/F2ReE(ZF)E(|Zf)Z 


nxR^ 

/F2ReE(ZF)2Re(ZF)z| 


■f 

JR d 


Re I E(|Z| )E(Z3 r F) 

R d 


< C (in, m 2 ) A 

< C(m)B 

< C(m)A 1/2 B l/2 

< C(m,m2)A 1 ^ 2 B 1 ^ 2 . 


The problem with this method is that A + B + D does not control the //’ norm. For this, we set 

E = \ f |Z| 2 . 

z Ja.xR d 

We have 

|D| < Vm B V2 E u2 < + 2 mE. 

Hence setting £=A+B+D+ 2m E, we get &> A + \B. We prove now that \d t &\ < CG. Because 
of the previous computations 

\d,(A + B + D)\ < C(m,m 2 )S. 

We compute the derivative of E. We have 

d t E = Im ( Zid t Z = Im ( z((m - A)Z + (£(|Z| 2 + 2Re(ZF))(Z + F)) 

JnxR rf JnxR rf v 2 

and because of the imaginary paid 

d t E = Im | Z(E(\Z\ 2 + 2Re(ZF))F 

JnxR rf 


We get 


\d,E\ < V ^£ 1/2 £ 1/2 + mE < C(m)(A 1,2 B 1/2 + A) < C(m)G. 

In conclusion, we get a bound for G and thus for A , the L 2 (£l,H l ) norm of the solution, which 
implies global existence. □ 
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3.3 Local well-posedness in dimension 4 for small initial data 

In this subsection, we prove local well posedness for small initial data in H x in dimension 4. We 
use a contraction argument in 

£t = L 2 (Q, C([-T, T], H l (R 4 ))) n L 2 (0, L\[-T, T], W u (1R 4 ))). 

Thanks to Strichartz estimates, there exists C such that for all T > 0, and all g 6 L 2 (L1, H l (B 4 )), 
we have 

Ul^COgllXr - C||gllL 2 (n,//i(R 4 )). ( 12 ) 

Proposition 3.3. There exists e > 0 such that for all Zq satisfying HZoll^^ hHm 4 )) — e > I ^ e equation 
(E)ll admits a unique solution Z in £t for 

T = min(-—--) 

v C( sfm + finff C(m + mf)' 

with C big enough. Besides there exists C such that 

\\Z\\ £t < 2Cs 

and Z depends continuously in Zq. 

Proof Let 

A(Z) = S(t)Z 0 -i£ S(t- r)((E(|Z| 2 ) + 2ReE(YZ))(y + Z))dr. 

The solution Z is the fixed point of A. We have, thanks to (fT2l) . 

l|A(Z)|| Xr < C £ ||(E(|Z| 2 ) + 2ReE(TZ))(y + Z)|| LW) 
which yields by a triangle inequality 

P T 

\\A(Z)W Lt < c(||Z|| L 2 (aW) ) + J (\\E{\Z\ 2 )Z\\ L i [£lH i ] + ||E(|Z| 2 )F|| i 2 (f2 j/i)+ 

| |2ReE(yZ))Z| | l 2 (Q.,h 1 ) + l| 2 ReE(FZ))T|| z . 2 fa// i ) )dr). 
We have since \\fg\\ H * < \\{D S f)g\\ L i + \\fD s g\\ L i, 

||E(|Z| 2 )Z|| L2(a// i } < || ||Z|| 2 2(n) ||DZ|| L 2 (n) || i2(R 4 ) . 

Thanks to Holder inequality, as 4 + | 

IP(|Z|')Z|| L 2 (aH i ) < llZIli^^jIPZIlw^ 
and as 12 and 3 are bigger than 2, we can exchange the order of the norms, 

||E(|Z| 2 )Z|| L 2 (aff l) < 1^11^2^12^4^112)21^2(^3(^4)) 
and since W*- 3 (R 4 ) is embedded in L 12 (R 4 ), 

||E(|Z|-)Z|| L 2( a// l) < l|Z||^2( aH ,l,3( R 4))- 
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Integrating in time yields 


^ T \mz\ 2 )z\\ L 2^)^m? £T . (i3) 

Using that E(|Fp) = m and E(|Z)y| 2 ) - m + m 2 , we get for the quadratic terms 
||E(|Z| 2 )F|| L 2 (i2 .//‘(R 4 )) + || 2 ReE(yZ))Z|| i 2 (n i ^i) < (y/m + V”U)ll^llL 2 (nx 6 (R 4 ))ll^llt- 2 (n,w l - 3 (R 4 )) 
and as W 1,3 (R 4 ) is embedded in L 6 (R 4 ) and integrating in time, we get 

£ IIE(|Z| 2 )F|| L 2 ( aff i (R 4 )) + || 2 ReE(yZ))Z|| L 2 (atfl) < (+ ^T 1 ' 3 \\Z\\ 2 £t . (14) 

For the linear term we have 

|| 2 ReE(yZ))F|| i 2 ( x 2 i #q < (m + m 2 )\\Z\\ L 2 ^ H \^ 

which gives 


x; 


||2ReE(yZ))y|| L 2 (nxX) < (m + m 2 )T\\Z\\ LT . 


(15) 


Summing (fT3T) . (fl5T ). we get 

l|A(Z)|| Xr < c(||Z|| L 2 (n-// i (R 4 )) + \\Z\\ 3 £t +{yfm+ yJm^T 1 / 3 ||Z||^ + (m + m 2 )r||Z|| Xr ). 
Assuming that \\Z\\ L 2 (£ i H \< e with e such that 

1 


2Ce < 


2 VC 


and assuming 


T = min (- 
Vs 


' 8 3 ( y[m + ^ffni ) 3 ’ 8 (m + m 2 ) 

we get that the ball of Jlj of radius 2 Cs is stable under the map A. 
What is more, for the same reasons, we get 


\ 


l|A(ZO - A(Z 2 )|| Xr < c(\\Zi\\ 2 £t + \\Z 2 \\ 2 £t + 

(Vwz + V^)r 1 / 3 (l|Zi|| Xr + ||Z 2 || Xr ) + (m + m 2 )r)||Z 1 - Z 2 || Xr ). 

Hence, for 


T = minf- 


1 


1 


;) 


' C( + V^u ) 3 ^( ,77 + , 7 I 2 ) 1 
with C big enough and e small enough, we get that A is contracting, which ensures existence and 
uniqueness of the fix point. 

Finally, if Z 1 is the solution of (flTTb with initial datum Z, 1 , in the ball of radius s, we have 

Z 1 = S (0(Zq - Z 0 ) + A(Z l ) 

thus 

Z 1 - Z = S(t)(Z l 0 - Zo) + A(Z l ) - A(Z) 

and as A is contracting, 

||Z> ~Z|| Xr <||Z‘-Z 0 || L 2 (nxX) . 

□ 
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4 Scattering and non-existence of localised equilibrium 


By copying the method of Lewin and Sabin in If22l . it may be possible to prove scattering proper¬ 
ties for the perturbed Hartree equation : 


id,Z = (m - A)Z + w * (E(|Z| 2 ) + 2ReE(yZ))(F + Z) 


with w smooth enough. Scattering for the perturbed NLS (fltil) remains an open problem. 
Nevertheless, one can prove scattering properties for dT|). 

4.1 Scattering for the defocusing equation 

We now prove scattering in R 3 . 

We use Morawetz estimates in the spirit of IT81 and 1 1291 . We mention Itl2l about scattering 
for a system of Schrodinger equations. 

We follow the proof for decay estimates and scattering in |28l from page 67 and onward. 
Because the computation for the linear part of the equation is the same up to constants, we will 
not insist on it and focus on the main difference, which is the non linearity. 

Proposition 4.1. The equation £[]) scatters in the sense that for all initial datum Xq in 
L 2 (Q, H l ( R 3 )) there exists X ±oa £ // 1 (E 3 )) such that 


flow of the linear equation d t Z = - A Z. 


\m)-sw±c*\\ H qm^o 

when t goes to ±oo. By Xit) we denote the solution of O with initial datum Xq and by S (t) the 
flow of the linear equation d t Z = - A Z. 


We start with decay estimates. 

Lemma 4.2. With the notations of the previous proposition we have that X(t) belongs to L 4 (R X 
R 3 ,L 2 (Q)). In other terms, the quantity 



is finite. 


Proof. We start from the fact that X satisfies a conservation law written : for all j - 0,1,2,3, 


3 



k= 1 


with Too = E(|X| 2 ), Tqj = T jq = -2\mP(Xd X] X) for j > 0 and for j, k > 0, 


T jk = 2Re(E(d Xj Xd Xk X)) - U) A (E(|Z| 2 )) + 5) E(|X| 2 ) 2 . 


Indeed, for j = 0, we have 


d,T 00 = 2ReE(d t XX) = 2ImE fid,XX) = -2ImE(AZX) + 2ImE(E(|X| 2 )|X| 2 ) 
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Because of the imaginary part, the second term is 0. Besides, we have 

d Xk T 0 k - -2ImE(|5,,X| 2 ) - 2lmE(Xd 2 x X). 

Because of the imaginary part the first term is 0 and summing over k yields 

3 

d t Too = ^ d Xk T 0 k- 

k= l 


For /' > 0, we have 

d t T j0 = -2lmE(d t Xd Xj X) - 2\mB(Xd l d Xl X) = -2ReE (W^Xd Xj X) + 2ReE (Xd Xj id,X). 

As X solves <□>, we get 

d t Tjo = 2ReE(AXd r; .X) - 2ReE(Xd V; A X) - 2ReE(E(\X\ 2 )Xd Xj X) + 2ReE(Xd V; (E(|X| 2 )X)). 

For the same reasons as in the deterministic case, we have for the terms involving only the 
linear part of the equation, 

_ _ 3 _ 

2ReE(AX5 T .X) - 2ReE(Xd x . A X) = £ d Xt (2Re(E(d Xj Xd Xk X)) - -d) A (E(|X| 2 ))). 

k= 1 


For the term involving the non-linearity, we have that 


-2ReE(E(|X| 2 )X<9 Y/ X) + 2ReE(Xd x .(E(|X| z )X)) = 4E(|X| z )ReIE(('<9 jr/ X)X) 


and 


d Xk 5 K jE{\X\ 2 ? = d*4E(|X| z )ReE((d Y -.X)X). 


Summing over k yields 


d t T j0 = J]d Xk T j k. 


k= 1 


Thanks to this structure, we repeat the usual computation to get 

I Vo X(jc )| 2 


a 'LM 


\m(Xd X] X)dx = 


'X 


R 3 xn M 


-dx + 


X 


2\2 


B(|X|- ) 

R 3 M 


■dx 


where V v is the angular part of the gradient centred in y and thus Vo is merely the angular gradient. 
We get the Morawetz estimate : 


f ^77 —dxdt < sup IIX(/‘)||^ r i 3 

JrxR 3 M reR } 

Translating the last equality by y, we get 


< oo. 


d t 


f Z -p— -jkn(X(x)d x 

Jr 3 XQ ; \ X ~ Tl 


X(x))dx = 


X 

X 


Vy X(X )| 2 


R 3 xn \ x - yl 
E(|X(.v )| 2 ) 2 
\x-y\ 


dx + 


dx + 7 rE(|X(y)| 2 ). 
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Finally, multiplying by E(|X(y)| 2 ) and integrating over y, we get 


d t 


f v 

JR 3 XR 3 ; 


— ——E(|X(y)| 2 )|ImE(X(.r)<9 v .X(.r))d.rdv =1 + 11 + 111 +IV 
\x~y\ J 


with 


I 

-L 


i = 

II = 

III = 7 r 

IV = 


E(|X(y)| 2 ) 


V, X(x )| 2 
\x-y\ 


dxdy 


eg X ^m*tt dxdy 


\x-y\ 


f 

Jr 3 


E(|X(y)| 2 ) 2 d;y 


= fJ ^-^5 f (E(|XCv)| 2 ))|ImE(X(.r)5 Vj X(.r))d.rdy. 


The terms I and II are non negative. The term III is the one we want to estimate. For the same 
structural reasons as in the deterministic case, the term IV is controlled by 1. Hence, we get that 


HI < d, 


I y 

JR 3 XR 3 ; 


y —-7 E(|X(y) | 2 ) |ImE(X (x)d x: . X (x))dxdy 
\x~y\ 1 


and we get the interaction Morawetz estimate 


f 

JRxR 3 


E(\X\ 2 ) 2 dxdt < sup ||X(0II^ 1(r3) < 00 


which concludes the proof. □ 

Let I be an interval of R.. We call X/ the space 

X/ = L 10 (/,L 10 (R 3 )) n L 10 / 3 (7, W uo/ 3 (1R 3 )). 

Lemma 4.3. With die notations of Proposition 1X71 we have X e L 2 (Q, Xr). 

Proof. Let / = \h,tf\. For all l e T. the Duhamel formula of dTJ writes 

X(t) = S(t - t\)X(t ]) -if S(t- T)(E(lX(r)l 2 )X(T)dT. 

Jt, 

We have that W 1 , 30 ^ 13 (R. 3 ) is embedded in L 10 (R. 3 ) by Sobolev’s embedding, and (10, y) and 
(y, y) are admissible for the Schrodinger dispersion in dimension 3, since 

2 3 _ 15 _ 3 2 3 _ 3 

10 + 30/13 “ 10 “ 2 and 10/3 + 10/3 “ 2' 

Besides, y is the conjugate of y hence, thanks to Strichartz estimates and a TT* argument 

ll*ILc, < C||X(7 1 )|| // 1 + C\\E{\X\ 2 )X\\ L wn UiW i • 10 / 7 ( R 3 ))- 

We use the fact that y < 2 to apply Minkowski inequality and get 

IMbcaxo ^ c||X(o)|| L2(affl) + c||D(E(|X| 2 )X)|| Llo/ 7 (/ , Ll o/7 (R 3 ;i 2 (a))) . 
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Distributing the derivative, we get 

||D(E(|X| 2 )X)|| L2(n) < ||DX|| L 2 (n) ||X|| 2 2(n) . 

Using Holder’s inequality with 2^ + y = y, we get 

||D(E(|A'|“)X)|| L 1 0/7 ( - /ii 10/7( R 3 i 2 ( - n ))) < l|DX|| L 10/3( /x]R 3 ;i 2 (n)) ||A r ||25 (/x]R 3 ;i2(n)) . 

Using again Minkowski's inequality as y > 2, we get 

H-O-X’llL 1 0/3(/xR3^,2(n)) < ll^lli 2 (£^,Z.l0/3(7,v^ 110 / 3 (R 3 ))) - ll^llucaX/)- 
Using that 5 lies between 4 and 10, we get 

PIIl 5 (/xR 3 ,L 2 (n)) - ^^L 4 (/xR 3 ,L 2 (n))^^L l0 (/xR 3 ,L 2 (n))' 

Using once more Minkowski’s inequality and the definition of £/, we have 

ll^llz. 10 (/xR 3 ,L 2 (n)) ^ 

Besides, we use that thanks to the conservation of the energy the quantity ||X(ti)|| i 2 ^ H i) is 
bounded uniformly in t\ by a quantity £o- 
Summing up, we get 

pni*a*>* cs » + 

Let e = £ 0 ^ 2 (2C) -5 ^ 2 . As, by Lemma l4~2l 

H^llL 4 (RxR 3 ,L 2 (n)) = ( dt r dxE(\X(t, x)\")~\ 

Jr Jr 3 

is finite, there exist a finite family of intervals (Ij)\<j< r such that 

r 

U 7 ;= Randfor a11 j »IWIzA/yxRkzAn)) < e. 

i=t 

Therefore, for all j, we get 

imiDcax,,) ^ C£o + ClPfll’f /Z 3 . 

This choice of e implies WXWiKQXi ) — 2C£o- Summing over j yields 

m L 2 (n,x R ) ^ So < 00 

hence the result. □ 

We describe A ±co . 

Lemma 4.4. Let 

/■'+CO 

X ±co =X 0 -i S (-t)E(|A(t)| 2 )X(t)Jt. 

Jo 

The maps X ±00 belong to L 2 (Q., H l { R 3 )). 
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Proof. First, Xq e L 2 (Q, H l ( R 3 )). Then, thanks to Strichartz estimates and a T* argument, we get 

r*±oo 

|| J o 5(-r)E(|X(T)| 2 )X(r)dr|| L2(a//1(R3)) < C-|| J D(E(|X| 2 )X)||^ (n ^io/7 (]Rx]R 3 )) . 

With the same computation as previously, we get 

/■'+OO 

II I ^( _T )E(|X(r)| )^( T )^' r || i 2( f2 j / i( R 3)) ^ ^H^ r |lL 2 (n,L 5 (RxR 3 ))^^ r ^ i2fn - il0/3 (R,M ,1 - 1 °/ 3 (R 3 ))) 

0 

which is finite by interpolation. □ 

Proof of Proposition 1 4.1 1 We focus on +oo. We have 

X OO 

5(f-r)E(|Z(r)| 2 X(T)dr)|| ffl(R3) 

< C||l T > / X||2 2(niL5(RxR3:)) ||lr>f^llL 2 (n,L 1() / 3 (R,W 1 ' l0 / 3 (R 3 ))) 

which goes to 0 as t goes to oo. We use the dominated convergence theorem to handle the L 2 (Q) 


norm. 


4.2 Lack of localised equilibrium 

Proposition 4.5. Let Y be a solution of dTJ whose law is invariant in time. Assume that Y(t = 0) 
belongs to L 2 (Q.,H l (R 3 )). Then 7 = 0. 

Proof. Indeed, if 7 is in L 2 (fl. H l ( R 3 )) then thanks to lemma POT. 7 belongs to L 2 (fl. L 10 (R x R 3 )) 
which is continuously embedded in L 10 (R X R 3 , L 2 (Q)). We have 

Il'tVu'w = //< 

Because the law of 7 does not depend on time, we have that E(|7(?, jc )| 2 ) 5 is a map <p(x) which 
does not depend on time. Hence J. {3 dxE(\Y(t, a)| 2 ) 5 is a constant and thus, for it to be integrable, 
it has to be 0, which ensures that 7 = 0. □ 


5 On the focusing case 

Up to now, we have only considered the defocusing case but we can now consider the focusing 
equation : 

id,X = - A X - E(|X| 2 )X (16) 

in R rf , d < 3. 

First of all, this equation is locally well-posed for initial data taken in H l ( R rf ), d < 3. 

Besides, we remark that (fl6l ) has stationary solutions. Let Q be a stationary solution of id t u = 
-Alt - \u\ 2 u and X be a random variable such that the probability that X = Q is 1. Then X is a 
stationary solution of (fl6l) . 

We prove the existence of blow-up solutions for the focusing equation. 

We proceed with a viriel method. We prove that 

V(t)= f |.r| 2 |X| 2 (17) 

JnxR 0 ' 

is well-defined on [0, T] as long as the solution X of (fl6l) is well posed on [0, T\. 
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Lemma 5.1. Let ip be a non negative C 1 function on M. d with compact support. We have 

d,( f p{x)\X\ 2 ) = 2/m f V<pX V X. 

V JQ.XR d 7 Jf2xR rf 

Proof. The computation is the same as in the deterministic case, which yields 

d t ( f <p(x)|X| 2 ) = 21m f <p(x)X(- A X + E(|X| 2 X). 

V JQxR d 7 JqxR d 


We have ^(x)XE(|X| 2 )X e K. thus we keep only 


21m 


and with an integration by parts we get 


21m 


f 

jQxR d 


ip(x)X(- A X) 


f 

JnxR d 


v(<p(x)X) v X 


and by developing the gradient and seeing that tp\ V X| 2 e R, we get the result. 
Let ip the specific function such that 

l„l2 

ip(x) = 


|x| 2 if |x| < 1 

g i-t/(|x|-2) 2 if |x| e [1,2] 


0 otherwise. 

We have <p e C 1 with compact support and there exists C such that for all x e R d , | V</j(x)| 2 < Cp(x). 

Lemma 5.2. Assuming that V(t = 0) is well-defined, the Viriel V(t) is well-defined on [0, T\ as 
long as the solution X of (1 1 61) is well posed on [0, T\. 

Proof. For all R > 0 let p R {x) = R 2 p{^). We have 


f WW < f p R (x)\Xf. 
J|x|<R J 


We apply the last lemma to get 


t ( [ p R {x)\X\ 2 ) = 2\va f Vcp R X V X. 
V J 7 J Q.xR d 


d,{ J <pr(xW) = 

We apply Cauchy-Schwartz inequality to get 

d,( J ^(x)|X| 2 )|<2||v^X||||X(0H^- 


We use that | V <p R (x) | 2 = |X V <p(jj)\ z < CR z p{j) = p R (x) to get 

d{ f ^Mffl 2 )| <C(J ^(x)|X| 2 ) 1/2 ||X(0H ff i 

From which we deduce 

( J ^(.r)|X| 2 )‘ /2 < V(t = 0) 1/2 + c£ \\X(T)\\ Hl dr. 
As the right hand side is bounded uniformly in R, we get the result. 


'- r \|2 
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We compute the second derivative of V. 
Lemma 5.3. We have, where V is defined 


dfV(t) < 16 6(X 0 ). 


Proof. We have, thanks to Lemma [5TTI 


d t V - 41m f xV XX. 

Jqxrj 


We differentiate it a second time to get 


with 


o;v = i + II 


I = 4Re | xiirfiX V X) and II = -4Re J x(x V (id t X)\. 

JnxR rf v ' JnxR d v ' 

By integration by parts, we get that II is given by 

4R ed J X(id,X) + 4Re J x V X(id,X) 


and thus, by replacing id,X by its value, 

djV(t) = 4d f X(-A)X + 4d I E(|X| 2 ) 2 + 21. 
Jn> 


•f 

JR d 


We compute /.By replacing id t X by its value, we get 

I = 1 .1 + 1.2 


with 


/. 1 = 4Re f ^ V X(- A X) and 1.2 = 4Re [ xV X(-E(|X| 2 )X) 

Jqx R d JQxR d 

The computation for 1.1 is the same as in the deterministic case, and we get 

’ r 

Jn> 


1.1 = (2d-4) 


XaX. 


JnxR d 


The computation for 1.2 requires to take into account the probability. We replace the gradient 
by partial derivatives to get 


1.2 = -4Re 


v f 


XjE(\X\ 2 )XdjX 


where dj - d x . We replace the integral in O by the expectation E to get 


1.2 = -4Re V f XjE(\X\ 2 )E(XdjX). 

j jR d 


We remark that <9yE(|X|-)' = 4ReJ3(|A'|-)E(Wl / W) such that 




2+2 


XjdjE(\X\ ) 
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and by integration by parts 


1.2 = d f E(|X| 2 ) 2 . 

J R d 


Summing up, we get 

d 2 V(t) = 8 f X(-A)X -2d f E(|X| 2 ) 2 

JQ.xR d JR d 

and for d >2, 

d 2 V< 1 68(X(t)) = \66{X q ). 

□ 

Proposition 5.4. If X o £ L 2 (Ll, H ] (E d )) is such that V(t = 0) is finite and S(Xf) < 0, then the 
solution of GU) blows up at finite time. 

6 Incidence at the operator level 

6.1 Incidence at the operator level on the sphere and torus 

In this section, we prove the global well-posedness of © on the sphere and torus. 

Let M € {S 2 , § 3 , T 2 , T 3 }. 

6.1.1 Uniqueness of laws 

In this subsection we prove that two solutions of dTJ whose initial data have the same law have 
also the same law. For this setting, it is relevant to use Subsection 12.41 Nevertheless, since the 
following technique is easier to expose in this setting rather than for the perturbed equation and 
since we require it for the perturbed equation, we choose to present it here. 

Lemma 6.1. Let X(t) be a solution of © with initial datum Xq defined on the probability space 
(Ll,T,P) and belonging to L 2 (L1. H l (M)). Let (o)\ , 0 J 2 ) £ LI 2 . If X o(wi) = Xfiajj), then at all 
times t, X{t,u)\) = X(t,a> 2 ). 

Proof Let ip(t, x) = E(|X(t, x)\ 2 ). Both X(t, cof) and X{t, a> f) are solutions of 

id pi = - Au + ip(t, x)u 

with the same initial datum uo = Xfioj]) = X 0 ( 012 ). In view of the previous sections, this ensures 
that X(t, oj\) = X(t, m 2 ). □ 

Definition 6.2. Given an initial datum Xq defined on the probability space (LI. T. P) and belonging 
to L 2 (L1. let ~r< be the equivalence relation on LI defined as 


mi ~p u)2 <=> Xo(mi) - Xo(a>2). 


Let (O', T' , P') be the probability space (L2. T. P) quotiented by ~p, that is 


LI' 

r 

VC £ T', P'(C) 


{c/(m) | m € Qj, 

(cZ^q^A)) IA mesurable in //*(M)}, 

dl» 

ceC 
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where 


cl(a>) - {at' e Q \ to' ~p at) 
cl{A) = {cl(a>) | a> e A). 

Finally, let X'(t) be the random variable defined on (Q!, < F',P') and belonging to L 2 (Q r , H ] (M)) 
as X'(t)(cl(co)) = X(t)(oj). 

Remark 6.1. The measure P' is well-defined on 'V and 

P\cl(X-\A ))) - P(X- ] (A)). 

Indeed, if to € X^ ] (A), then cl(oj) c X^ ] (A). 

The random variable X'(t) is defined without ambiguity thanks to Lemma IQ It belongs to 
L 2 (Q.',H l (M )) since 

E(||X'(0II^) = f P'(X\t)~ l (B H i(0, Vl) c ))dA 

Jr+ 

where c stands for the complementary set. Given the definition of P', this yields 

E(ir(t)||^) = f P(X(t)~ 1 (B H i (0, Vl) c ))dA = E(||X(0ll^) < oo. 

Jr+ 

Lemma 6.3. The law of X' (t) is the same as the law ofX(t). 

Proof This is due that for all measurable A set in we have 

X’itffA) = cl(X(t)-\A)) 

and due to the definition of P. Note that X(tfi l (A) is measurable in II and X'(tfif A) measurable 
in Q' because the flow of ([[]) is continuous. □ 

Lemma 6.4. Let X\ and Xi be solutions to ([]]) with initial datum € Jl 2 (il \, H ] (M)) and 
Xop 6 L 2 (Ll 2 , H l (M )) which have the same law. Then, for all t, X\(t) and Xoif) have the same law. 

Proof. Thanks to Lemma [6731 and using the same notations, we can consider the random variables 
X' and X' 2 instead of X\ and X^. Let tp be the map from Q' to defined as 

p(X-\(\u 0 })) = X-j, ((no)) 


for all n 0 € H\M). 

By construction, X' (| = X', {) ° p and P' is the image measure of P' under tp. 

By uniqueness of the flow of dT]), X'fit) op- X'fit) and since tp preserves the measure the law 
of X' 2 (t) is the same has the one of X'ft). Therefore, thanks to Lemma l63l X\(t) and XiL) have the 
same law. □ 
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6.1.2 Gaussian variables 

In this subsection, we prove that if Xo is a Gaussian variable, then so is X(t) the solution of dT|) 
with initial datum Xo- What is more, we prove that if y is a solution of © then there exists a 
Gaussian variable with covariance y that is a solution of dT|). 

Lemma 6.5. Let Xo be a Gaussian process of covariance yo with Tr(( I - A)yo) < oo. Let Xit) be 
the solution of © with initial datum Xq then X(t) is a Gaussian process. 

Proof Write <p(t, x) = E(|X(f, x)\ 2 ). By Propositions 12. 1 1 and 12. 2 1 one gets that the equation 

id t u — - Am + ipu 

is well-posed in H l . Let 1/(0 be the flow of this equation, it is linear and continuous on H l . Let 
A € H~ l . Since by uniqueness of the flow we have X{t) = U(t)X 0 , 

E( yuxw>) _ ^ e wm,x 0 >^ _ e -(u\t)A, yo vm) _ e -G,u(tyyau*w) 

Since U{t)yoU*{t ) is a positive operator, we get that X(t) is a Gaussian process of covariance 
U(t)y 0 U*(t). □ 

Definition 6.6. Let X be the set of non negative operators yo such that Tr((l - A)yo) is finite on 
M. Let d be the distance on this set defined as 

d{y \, yo) = d 2 (vi,v 2 ) 

where d 2 is the Wasserstein distance defined in Remark 12.31 and v, is the law of the Gaussian 
process with covariance y,-. 

Remark 6.2. The Wasserstein distance may also be defined as 

d 2 (y\,v 2 ) = inf ||Xi - X 2 \\ L 2^ H l (M)) 

Xi-yi 

where ~ stands for “is a Gaussian random field of covariance”. 

By X, we now denote the metric space (X, d). 

Lemma 6.7. Assume that y € C(R, X) is a solution to ©. Then there exists a probability space D 
and a Gaussian variable X € C(R, L 2 (il. H 1 (M) )) solution of © and of covariance y. 

Proof Let tp = p y and let X be the solution to 

id,X = (- A +<p)X 

with initial datum Xo a Gaussian variable with covariance yo- Its covariance yx is the unique 
solution to the linear equation 

id,yx = [- A +tp, y x ] 

with initial datum y Xo = y(t = 0). 

Indeed, let U{t) the flow of the linear equation on u : id t u = (-A +<p)u. The map U is invertible. 
Hence, since, 

id t m)*y x u(t )) = o 

the equation id t y x = [- A +tp, y x ] has a unique solution. 

Since y is also a solution to id t y x - [-A+tp, y x \ with initial datum y(t = 0) we get that y x = y, 
thus E(|X| 2 ) = p, which ensures that X is a sol to ©. □ 
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6.1.3 Global well-posedness 


Corollary 6.8 (of Proposition 12.51) . Let V F be the map from I to COB., X) such that *P(f)(yo) = 
jxii) where X(t) is the solution to dTJ with initial datum Xo the Gaussian random process with 
covariance operator yo. The map 'P is well-defined, it defines a solution to © and it is continuous 
for the distance d. Besides, v P(?)yo is the unique solution to © with initial datum yo- 

Proof Because of Proposition 11.21 we get that an initial datum yo e I at the operator level such 
that Tr((l - A)yo) is finite gives an initial datum at the level of random variables Xo belonging to 
L 2 (Cl,H l (M)). Thanks to Proposition 12.51 we get a solution X of ©, and thanks to Proposition 
11.11 we get a solution y to the equation ©. We remark that thanks to Lemma [6~4l one can take 
any Gaussian Xo with covariance yo as the law of X{t) depends only on the law of Xo- Hence 
'P(f) is well-defined. It is continuous in time and in the initial datum for the following reason : 
the distance between yx t (t) and yx 2 (t) is controlled by the norm of X| (t) - X2 (f). Indeed, X,- is a 
Gaussian process by Lemma [631 therefore 

d{y\(h),y 2 (t 2 )) < WXfih) - X 2 (t 2 )W H i (M) 


where yft) is equal to yx,d)- 

The continuity of the solution X{t) in both time and initial datum gives the result. Indeed, take 
any Gaussian process X,- with covariance y,- and any couple of times t \, t 2 , we have 

d(yi(h),n(t 2 )) < l|Xi(t 1 )-x 1 fe)|| i 2 (n ^ 1) < axoit! - t 2 \ a 

for some a > 0 and C(Xi) = C(yi) is a constant depending only on y\. What is more, 

d{y\(t\),y 2 {t\)) < ||Xi(ti) - X 2 (ti)||/ 2 (xytfi) < C(f 1 )||Xi - X 2 \\ I 2 ^ H i^ M y > 

and by taking the infimum over the couples (Xi,X 2 ) we get the result. 

For the uniqueness of the solution, let j\ and y 2 be two solutions of © with the initial datum 
yo- For i - 1,2, there exists Xft) a solution of © which is a Gaussian variable of covariance y,-. 
For i = 1,2, X,(t = 0) is a Gaussian variable of covariance yo- Hence X\(t = 0) and X 2 {t = 0) have 
the same law. Therefore X\(t) and X 2 (t) too, which ensures that y\ — y 2 and hence the uniqueness 
of the solution of ©. □ 

Remark 6.3. One could rewrite the corollary 16.81 as : the equation © is globally well-posed in 
C(R, X). 

6.2 Global well-posedness on the Euclidean space 

Let / be a bounded function on ~.B d such that (k)f{k) e L 2 CB cl ) and let F/ be the equilibrium 
corresponding to / that is 

with m = f \f(k)\ 2 dk. 

This random vai iablc defines an equilibrium for © and the operator y/ = yy, is a stationary 
solution for ©. Indeed, yy is the Fourier multiplier by \f{k)\ 2 . Hence it commutes with the 
Laplacian and p Jf = m. 


33 


In this section, we prove the global well-posedness of © around equilibria yj, that is, we 
prove global well-posedness of the equation 

id t Q = [—A, Q ] + \p yf+ Q, Jf + Q ] (18) 

where Q is not necessarily non-negative but jf + Q is. 

Let M € {1L 2 ,R 3 }. 

6.2.1 Uniqueness of laws 

In this subsection we prove that two solutions of © whose initial data have the same law have 
also the same law. 

Lemma 6.9. LetX(t ) be a solution of © with initial datum Xq = Fo+Z) defined on the probability 
space (fil, f, P ) and such that F) has the same law as Yf(t = 0) and such that Zo belongs to 
L 2 {Q.,H\M)). Write Y{t) = «-«'*-*+"•) F 0 and X(t) = Y(t)+Z(t). AssumeZ e CXR,(L 2 (L1, H l (M))). 
Let ( a>i,a> 2 ) € Or. //(Fo, Zq)(co] ) = (Fo, Zo)(a> 2 ), then at all times t, (F, Z)(t, mi) = (F, Z)(t, m 2 ). 

Proof. First, if Yq(co\) = Yoitof), then Y{t,a>\) = Y(t,(o 2 ). Let tp(t,x) = E(|X(f, .r)| 2 ) - m. Both 
Z(t, u) 1 ) and Z(t, m 2 ) are solutions of 

id t u - {m - A )u + if{t, x){u + Y{t, mi)) 

with the same initial datum uq = Zo(mi) = Zo(m 2 ). In view of the previous sections, this ensures 
that Z(f, mi) = Z(t, m 2 ). □ 

Definition 6.10. Given an initial datum Xo = Fo + Zo defined on the probability space (O, 'F, P) 
and with Zo belonging to L 2 (Q, and Fo with the same law as Yjit = 0). Let ~p be the 

equivalence relation on £2 defined as 

mi ~p a >2 o (Fo,Zo)(mi) = (Fo,Zo)(m 2 ). 

Let ( Q.', r F',P') be the probability space (Q, T. P) quotiented by ~p, and let Z'(f) be the random 
vai'iable defined on {Q!,T',P') and belonging to L 2 (Q', as Z'(t)(c/(m)) = Z(f)(m) and let 

F'(0(c/(m)) = F(0(m) 

Remark 6.4. The random variable Z'(t) is defined without ambiguity thanks to Lemma 16.91 It 
belongs to L 2 (Q' ,H l {M)). 

Lemma 6.11. The law ofX'{t) is the same as the law ofX(t). 

Lemma 6.12. Let X| and Xi be solutions to © written X,- = F, + Z, with initial datum Xqo and 
Xifl which have the same law. The random variables F, satisfy Yft) = e~ lt(m ~ t ‘ ) Yo; with Fo, a 
random variable with the same law as Yf(t = 0). Then, for all t, X\(t) and Xi(t) have the same 
law. 

Proof. Thanks to Lenmia l6.1 H and using the same notations, we can consider the random variables 
X' and X' instead of Xi and X 2 . Let if be the map from O' to defined as 

^((yo,i,2b >1 r 1 ({(«o,Mt)})) = (^o,2,Zo,2) _1 ({(mo,mi)}) 

for all ip £ H l (M) and liq in the image of Y/(t = 0). 

By construction, Z' () = Z( () o ip and P’ n is the image measure of P\ under ip. 

By uniqueness of the flow of (ITUl) . Z'fit) op- Z'ft) and since p preserves the measure the law 
of X'(t) is the same has the one of X' (t). Therefore, thanks to Lemma [6.111 X\(t) and X 2 ft) have 
the same law. □ 
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6.2.2 Gaussian variables 


In this subsection, we prove that if Xo is a Gaussian variable, then so is X(t) the solution of dT|) 
with initial datum Xo- What is more, we prove that if y is a solution of © then there exists a 
Gaussian variable with covariance y that is a solution of (©. 

Lemma 6.13. Let Xo be a Gaussian process of covariance yo such that there exists a square root 
y, 1 / 2 ofy satisfying Tr((y l J~ - y^ /2 )*(l - A ){y\j 2 - y^ 2 )) < oo. Let X(t) be the solution of ([I]) with 
initial datum Xo then X(t) is a Gaussian process. 

Proof Write <p(t,x) = E(|X(f, x)\ 2 ). We have <p £ m + C(R,L 2 (R d )) + C(R,L l (R. d )). Write Q 0 = 
y l Q /2 - y x j 2 and Wo = f e lkx dW(k). We have 

Tr (Q*(l - A)0o) < °o- 

Hence Q*( 1 - A)2o can be diagonalised into Qf I - A)2o = a«| u n x u„\ with u n orthonormal 

in L 2 , a„ > 0 and a n = Tr (Qf I - A)(?o) < oo. After some manipulations of the expression, 
we have that 

ll< 2 oW 0 || 2 2 (n // , (Rrf)) = J J l(l-A) 1/2 Qoe ikx l 2 dxdfc. 

By using the decomposition of Q*( 1 - A)Qo we get 

= f Tj a n\ U nik)\ 2 =Yj an< °° 

where u n is the Fourier transform of u n . Hence Zo = QqWq belongs to L 2 (H, 

We derive an equation on Q assuming that X is equal to X(f) = ( Q(t ) + e~‘ t<m ~ A> y l j' 2 )W() = 
2(0 Wo + Y f . We get 

id,Q = (<p- A)Q + (ip - m)e~ ,t(m ~ A) y l f /2 . 

Finally, write V = Q. we get 

id,V = e iKm ~ A \<p - m)e- ll(m - &) (V + y} /2 ) 

This equation is at least locally well-posed in £.{H X ) for instance (this is why we require / 
bounded) and the solution satisfies 

e -it(m- A)yw 0 € L 2 (Q.,H l (R d )). 

By uniqueness of the solution of (fTOl) we get that X(0 = (2(0 + e~ u(m ~ A ' l y ] J 2 )Wo first locally 
in time and then globally. This ensures that X(t ) is a Gaussian variable (of covariance (2(0 + 

it(m- A)yl/ 2 )2)_ 

□ 


Definition 6.14. Let Zy be the set of non negative operators yo such that there exists a square root 
of yo, y'/ 2 such that Tr((y^ 2 - yj 2 )*( I - A)(y^ 2 - y '. 2 )) is finite. Let df be the distance on this 
set defined as 


df(y \, yi) = d 2 (vi,v 2 ) 


where d 2 is the Wasserstein distance defined in Remark 12.31 and v; is the law of the Gaussian 
process with covariance y,. 
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Remark 6.5. This distance is well-defined. Let Wq = J e' kx dW(k) where W is defined as in the 

1/2 

definition ofYf. We have that X t = y. Wo is a Gaussian variable with covariance operator y-,. 
Hence 

df(yi,yi) ^ IIXi ~ X2Wl 2 (o..h'(M)) 
and X\ - X 2 = Zi - Z 2 with Z, = ( y)' 2 - yJ /2 )Wo e L 2 {Q,,H\M)). 

Lemma 6.15. Assume that y € C(R, I/j is a solution to ©. Then there exists a probability space 
Q and a Gaussian variable X € Y + C(R.,L 2 (Q, H ] (M))) solution of © and of covariance y. 

Proof. Let ip = p y and let X be the solution to 

id,X — (— A +tp)X 

with initial datum Xq a Gaussian variable with covariance yo. Us covariance y x is the unique 
solution in yy + £.(H ] )) to the linear equation 

id,y x = [~ A +tp, yx\ (19) 


with initial datum y Xo = y(t = 0). 

Indeed, if an operator y belongs to Xy then it also belongs to yj + J1(H ] ). 

What is more, if y\ and y 2 are two solutions of ( fl9l ) in yj + -L(H l ) with the same initial datum 
then yi - y 2 is a solution to (fl9l) in JfiH 1 ) with initial datum 0. 

Let U(t ) the flow of the linear equation in H l on u : id t u = (— A +tp)u. The map U is an 
invertible. Hence, since, 

id t (U(t)*(yi - y 2 )U(t)) - 0 

the equation id t y x = [- A +(p, y x ] has a unique solution. 

Since y is also a solution to id t y x = [- A+tp, y x ] with initial datum y(t = 0) we get that y x = y, 
thus E(|X| 2 ) = p y , which ensures that X is a solution to £[]) and thanks to l6. 1 31 a Gaussian solution 
to CQ). □ 

6.2.3 Global well-posedness 

Corollary 6.16 (of Proposition 13,21 ). Let y Yf be the map from Ij to C(R, S/) such that W f{t){yfi) - 
7Y f (t)+Z(t) where Z(t ) is the solution to (II Oh with initial datum Zq the Gaussian random process 
with covariance operator (y^/ 2 - yJ.' 2 ) 2 . The map *P f is well-defined, it defines a solution to © 
and it is continuous for the distance df. Besides, v Fy(t)yo is the unique solution to © with initial 
datum yo- 

Proof. We take Zo = (y^ 2 -yf)W q. It belongs to L 2 (Ll, H l (M )) and W = Yfit = 0)+Zo. Thanks to 
Proposition [3© we get a solution X of ©, and thanks to Proposition ll.il we get a solution y to the 
equation ©. Hence T fit) is well-defined. It is continuous in time and in the initial datum for the 
following reason : the distance between y X] d) and y Xl U) is controlled by the norm of X\(t) - X 2 (t), 
which is controlled by the norm of Zfit) - Z 2 (t). The continuity of the solution Z(t) in both time 
and initial datum gives the result. 

For the uniqueness of the solution, let y\ and y 2 be two solutions of © with the initial datum 
yo- For i = 1,2, there exists Xft) a solution of © which is a Gaussian variable of covariance y ; . 
For i = 1,2, Xft = 0) is a Gaussian variable of covariance yo- Hence X\(t = 0) and X 2 (t = 0) have 
the same law. Therefore Xft) and X 2 (f) too, which ensures that y\ — y 2 and hence the uniqueness 
of the solution of ©. □ 
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Remark 6.6. One could rewrite the corollary 16.761 as : the equation (1181) is globally well-posed 
in I/. 


6.3 On the focusing case 

We consider the equation 

id t y = [— A -p 7 ,y] (20) 

on R rf , d = 2 ,3. 

Corollary 6.17 (of Proposition 15,41 ). Tfyo w such that Tr( (I - A)yo) < °°> Jpj \x\ 2 p yi) (x)dx < oo 
and 

\.Tr((\ - A)y 0 ) - 7 f P ro (*) 2 < 0 

f/ie« there is at least one solution of ( 1201 ) that exists locally in time and blows up at finite time in 
the sense that there exists T such that 


Tr(( 1 - A)y(f)) —> oo 


when t —» T. 


Proof This is due to the fact that with X 0 the Gaussian random field of covariance y 0 and X(t) the 
solution of (fl 6 l) . we have 

Tr(( 1 - A)y(t)) = ||Z( 0 ll L 2 (n 


and 


and 


J \x\ 2 p yo (x)dx = V(t = 0) 

J R rf 

-7 f ProW 2 
4 Jr^ 


-Tr((l - A)y 0 ) 


= £(*o). 


Remark 6.7. One could rewrite the corollary \6.16\ as : there exist blow-up solutions to the equa¬ 
tion (l 20 l ). 
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